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A GAP THEOREM FOR POSITIVE EINSTEIN METRICS
ON THE FOUR-SPHERE
KAZUO AKUTAGAWA∗, HISAAKI ENDO∗∗, AND HARISH SESHADRI
Abstract. We show that there exists a universal positive constant ε0 > 0
with the following property: Let g be a positive Einstein metric on S4. If the
Yamabe constant of the conformal class [g] satisfies
Y (S4, [g]) >
1
√
3
Y (S4, [gS])− ε0 ,
where gS denotes the standard round metric on S
4, then, up to rescaling, g
is isometric to gS. This is an extension of Gursky’s gap theorem for positive
Einstein metrics on the four-sphere.
1. Introduction and main results
A smooth Riemannian metric g is said to be Einstein if its Ricci tensor Ricg is
a constant multiple λ of g :
Ricg = λ g .
When such a metric exists, it is natural to ask whether it is unique. However in
dimension n ≥ 5, there exist many examples of closed n-manifolds each of which
has infinitely many non-homothetic Einstein metrics (cf. [7]). In fact, there exists
infinitely many non-homothetic Einstein metrics of positive sacalar curvature (pos-
itive Einstein for brevity) on Sn when 5 ≤ n ≤ 9 [9] (cf. [18], [10]). There are no
non-existence or uniqueness results known when n ≥ 5.
When n = 4, there are necessary topological conditions for a closed 4-manifold
M to admit an Einstein metric [30], [16], [23]. Uniqueness is known in some spe-
cial cases: when M is a smooth compact quotient of real hyperbolic 4-space (resp.
complex-hyperbolic 4-space), the standard negative Einstein metric is the unique
Einstein metric (up to rescaling and isometry) [8] (resp. [22]). In the positive case,
there are some partial rigidity results on the 4-sphere S4 and the complex projective
plane CP2 [15], [14], [31]. When M = S4, the standard round metric gS of constant
curvature 1 is, to date, the only known Einstein metric (up to rescaling and isom-
etry). In this connection we have the following gap theorem due to M.Gursky (see
[1] for the significance of the constant 1√
3
Y (S4, [gS])) :
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2 A gap theorem for positive Einstein metrics on the four-sphere
Theorem 1.1 (M.Gursky [14]). Let g be a positive Einstein metric on S4. If its
Yamabe constant Y (S4, [g]) satisfies the following inequality
Y (S4, [g]) ≥ 1√
3
Y (S4, [gS])
then, up to rescaling, g is isometric to gS. Here, [g] denotes the conformal class of
g.
Note that Y (S4, [h]) ≤ Y (S4, [gS]) = 8
√
6π for any Riemannian metric h and
that Y (S4, [g]) = Rg
√
Vg for any Einstein metric g, where Rg and Vg = Vol(S
4, g)
denote respectively the scalar curvature of g and the volume of (S4, g).
Our main result in this paper is an extension of Theorem1.1:
Theorem 1.2. There exists a universal positive constant ε0 > 0 with the following
property : If g is a positive Einstein metric on S4 with Yamabe constant
Y (S4, [g]) >
1√
3
Y (S4, [gS])− ε0,
then, up to rescaling, g is isometric to gS.
This result can be restated in terms of the Weyl constant of [g] (cf. [1]). Indeed,
the Chern-Gauss-Bonnet theorem (see Remark3.3-(1)) implies that the lower bound
on the Yamabe constant is equivalent to the following upper bound on the Weyl
constant :
∫
M |Wg|2dµg < 323 π2 + ε˜0, where ε˜0 := ε024 (16
√
2π − ε0) > 0.
More generally, we obtain the following (note that 8
√
2π = 1√
3
Y (S4, [gS])):
Theorem 1.3. For c > 0, let E≥c(S4) denote the space of all unit-volume positive
Einstein metrics g on S4 with c ≤ Y (S4, [g]) < 8√2π. Then the number of con-
nected components of the moduli space E≥c(S4)/Diff(S4) is finite. In particular,
{Y (S4, [g]) ∈ [c, 8√2π) | g ∈ E≥c(S4)} is a finite set (possible empty).
Here M1(S4)/Diff(S4) has the C∞-topology and E≥c(S4)/Diff(S4) is endowed
with the subspace topology.
These theorems follow from the following crucial result:
Proposition 1.4. Let {gi} be a sequence in E≥c(S4) for some positive constant
c > 0. Then there exists a subsequence {j} ⊂ {i}, {φj} ⊂ Diff(S4) and a unit-
volume positive Einstein metric g∞ on S4 such that φ∗jgj converges to g∞ with
respect to the C∞-topology on M1(S4).
Remark: TheoremD of [2] states that the same conclusion as the one in Propo-
sition 1.4 holds for any sequence {gi} ⊂ E≥c(M) on any closed 4-manifold M with
1 ≤ χ(M) ≤ 3, where χ(M) denotes the Euler characteristic of M . Unfortunately,
the proof appears to be incorrect. Specifically, Theorem D is based on Lemma
6.3, which asserts that a Ricci-flat ALE 4-space X with χ(X) = 1 is necessarily
isometric to the Euclidean 4-space (R4, gE). This is not true: the Ricci-flat ALE
4-spaceX1 constructed by Eguchi-Hanson [13] has a free, isometric Z2-action whose
quotient X2 = X1/Z2 is a Ricci-flat ALE 4-space with χ(X2) = 1. Note that X2 is
nonorientable. Even if we assume that X is orientable in Lemma6.3, the topologi-
cal argument in the proof still contains some gaps. Proposition3.10 of [3] corrects
a minor inaccuracy of Lemma6.3. However, the proof also contains some gaps in
the topological argument (see Remark 4.2 in § 4 for details).
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Gursky’s proof of Theorem1.1 involves a sophisticated Bochner technique, a
modified scalar curvature and a conformal rescaling argument. The proof of Propo-
sition 1.4 is based on topological results about S3-quotients embedded in S4 and the
convergence theory of Einstein metrics in four-dimensions. Given this proposition,
we invoke Gursky’s result to prove Theorems 1.2 and 1.3.
In § 2, we recall some background material and prove Theorems1.2 and 1.3, as-
suming Proposition1.4. In § 3, we review two key results needed for the proof of
Proposition1.4. Finally, in § 4, we prove Proposition 1.4.
Acknowledgements. The authors would like to thank Anda Degeratu and Rafe
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ful discussions on convergence results of Riemannian manifolds with bounded Ricci
curvature. They would also like to thank Matthew Gursky and Claude LeBrun for
useful advices, and Gilles Carron for crucial comments.
2. Preliminaries and proofs of Theorems 1.2 and 1.3
We first review the definitions of Yamabe constants and Yamabe metrics. Let
Mn be a closed n-manifold with n ≥ 3. It is well known that a Riemannian metric
onM is Einstein if and only if it is a critical point of the normalized Einstein-Hilbert
functional I on the space M(M) of all Riemannian metrics on M
I :M(M)→ R, g 7→ I(g) :=
∫
M Rgdµg
Vol(M, g)(n−2)/n
,
where dµg denotes the volume form of g. The restriction of I to any conformal
class [g] := {e2f g | f ∈ C∞(M)} is always bounded from below. Hence, we can
consider the following conformal invariant
Y (M, [g]) := inf
g˜∈[g]
I(g˜),
which is called the Yamabe constant of (M, [g]). A remarkable theorem of H.Yamabe,
N.Trudinger, T.Aubin and R. Schoen asserts that each conformal class [g] contains
metrics gˇ, called Yambe metrics, which realize the minimum (cf. [24], [29])
Y (M, [g]) = I(gˇ).
These metrics must have constant scalar curvature
Rgˇ = Y (M, [g]) · V −2/ngˇ ,
where Vgˇ = Vol(M, gˇ). Aubin proved that
Y (Mn, C) ≤ Y (Sn, [gS]) = n(n− 1)V 2/ngS
for any conformal class C on M . Obata’s Theorem [28] implies that any Einstein
metric is a Yamabe metric. When n = 4,
Y (M4, [g]) = Rĝ
√
Vĝ ≤ Y (S4, [gS]) = 8
√
6π
for any Einstein metric ĝ ∈ [g].
Assuming Proposition1.4, we can now prove Theorem1.2.
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Proof of Theorem 1.2. Suppose that there exists a sequence {gi} of unit-volume
Einstein metrics on S4 satisfying
Y (S4, [gi]) = Rgi < 8
√
2π (for ∀i), Y (S4, [gi]) = Rgi ր 8
√
2π (as i→∞).
By Proposition 1.4, there exists a subsequence {j} ⊂ {i}, a sequence {φj} ⊂
Diff(S4) and a unit-volume positive Einstein metric g∞ on S4 such that φ∗jgj con-
verges to g∞ with respect to the C∞-topology on S4. Then, we get
(1) Y (S4, [g∞]) = Rg∞ = 8
√
2π.
On the other hand, Theorem1.1 implies that (S4, g∞) is isometric to (S4, gS).
Hence,
Y (S4, [g∞]) = Y (S4, [gS]) = 8
√
6π.
This contradicts (1). Therefore, there exists a positive constant ε0 > 0 such that
any unit-volume positive Einstein metric g on S4 satisfying
Y (S4, [g]) > 8
√
2π − ε0
is isometric to gS. 
Proof of Theorem 1.3. By the result of N. Koiso [20, Theorem3.1] and [7, Corol-
lary 12.52] (cf. [12, Theorem7.1], [19, Theorem2.2]), we first remark that, for each
g ∈ E≥c(S4), the premoduli space E≥c(S4) around g is a real analytic subset of a
finite dimensional real analytic submanifold in M1(S4) := {g ∈ M(S4) | Vg = 1},
and the moduli space E≥c(S4)/Diff(S4) is arcwise connected. Moreover, the Yam-
abe constant Y (S4, [•]) is a locally constant function and and it takes (at most)
countably many values on E≥c(S4)/Diff(S4).
Suppose that there exist infinitely many connected components of the moduli
space E≥c(S4)/Diff(S4) (see [7, Chapters 4 and 12] for the topology on it). Then,
there exists a sequence {gi} in E≥c(S4) such that the equivalence classes of any two
gi1 and gi2 are contained in different connected components of E≥c(S4)/Diff(S4) if
i1 6= i2. Similar to the proof of Theorem1.2, there exists a subsequence {j} ⊂ {i},
a sequence {φj} ⊂ Diff(S4) and a unit-volume positive Einstein metric g∞ on S4
such that φ∗jgj converges to g∞ with respect to the C
∞-topology on S4. We note
here that the topology of the moduli space is induced from the one of the space
M1(S4). Then, there exists a large positive integer j0 such that the set {φ∗jgj}j≥j0
is contained in a connected component. This contradicts the choice of {gi}. Hence,
the number of connected components of the moduli space E≥c(S4)/Diff(S4) is finite
(possibly zero). In particular, the set of {Y (S4, [g]) ∈ [c, 8√2π) | g ∈ E≥c(S4)} is a
finite set (possibly empty). 
3. A review of two key results
3.1. An embedding theorem: It will be necessary to know which quotients S3/Γ
of S3 embed smoothly in S4. The theorem below gives a complete answer, which
is one of the two key results for the proof of Proposition1.4.
Theorem 3.1 (Crisp-Hillman [11]). Let Γ ⊂ SO(4) be a finite subgroup such that
S3/Γ is a smooth quotient of S3. If S3/Γ can be smoothly embedded in S4, then
either Γ = {1} or Γ = Q8. Here, Q8 = {±1,±i,±j,±k} denotes the quaternion
group.
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3.2. Convergence of Einstein metrics: We first review the definition of the
energy of metrics on 4-manifolds.
Definition 3.2. (1) For a closed Riemannian 4-manifold (M, g), the energy E (g)
of g (or (M, g)) is defined by
E (g) :=
1
8π2
∫
M
|Rg|2dµg,
where Rg = (R
i
jkℓ) denotes the curvature tensor of g and |Rg|2 = 14RijkℓR jkℓi .
(2) If (X,h) is an asymptotically locally Euclidean 4-manifold of order τ > 0
(ALE 4-space for brevity, cf. [5]), the energy E (h) of h (or (X,h)) is again defined
by
E (h) :=
1
8π2
∫
X
|Rh|2dµh <∞.
Remark 3.3. (1) By the Chern-Gauss-Bonnet formula, E (g) = χ(M) for any Ein-
stein metric g on a closed 4-manifold M . Indeed,
E (g) =
1
8π2
∫
M
|Rg|2dµg = 1
8π2
∫
M
(|Wg|2 + 1
24
R2g +
1
2
|Eg|2)dµg
=
1
8π2
∫
M
(|Wg|2 + 1
24
R2g −
1
2
|Eg|2)dµg = χ(M),
where Wg = (W
i
jkℓ) and Eg = (Eij) denote respectively the Weyl tensor and the
trace-free Ricci tensor Ricg − Rg4 g of g, and |Wg|2 = 14W ijkℓW jkℓi . In particular,
E (g) = 2 if M = S4.
(2) The Chern-Gauss-Bonnet formula for 4-manifolds with boundary implies the
following (cf. [17, formula (7)]): any Ricci-flat ALE 4-space (X,h) with end S3/Γ
satisfies
χ(X) = E (h) +
1
|Γ| ,
where Γ is a finite subgroup of O(4) acting freely on R4 − {0} and |Γ| is the order
of Γ. If χ(X) = 1, we get, in particular, the following:
E (h) = 1− 1|Γ| .
(3) Bando-Kasue-Nakajima [5] proved that any Ricci-flat ALE 4-space (X,h) is an
ALE 4-space of order of 4. Moreover, when (X,h) is asymptotically flat (AF for
brevity, cf. [6]), that is, Γ = {1}, this combined with a result of R. Bartnik [6, The-
orem4.3] implies that the mass of (X,h) is zero. The Positive Mass Theorem [29,
Theorem4.3] for AF manifolds then implies that (X,h) is isometric to (R4, gE).
Note that E (h) = E (gE) = 0.
Recall again that any Einstein metric g on a closed 4-manifold M satisfies
that Y (M, [g]) = Rg
√
Vg. Moreover, if g is a unit-volume Einstein metric with
Y (M, [g]) ≥ c (c > 0), then Ricg ≥ c4g. Hence, Myers’ diameter estimate gives
diam(M, g) ≤ 2
√
3π√
c
.
Using this fact and Remark 3.3-(1), we can now state a modified version of the
convergence theorem for Einstein metrics due to M. Anderson [2], H. Nakajima [25]
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and Bando-Kasue-Nakajima [5], which is the other of the two key results for the
proof of Proposition1.4.
Theorem 3.4. Let M and {gi} be respectively a closed 4-manifold and a sequence
of unit-volume positive Einstein metrics on M with Y (M, [g]) ≥ c for a fixed
c > 0. Then, there exist a subsequence {j} ⊂ {i} and a compact Einstein 4-orbifold
(M∞, g∞) with a finite singular points S = {p1, p2, · · · , pℓ} ⊂M∞ (possibly empty)
and an orbifold structure group Γa ⊂ O(4) around pa for which the following asser-
tions hold :
(1) (M, gj) converges to (M∞, g∞) in the Gromov-Hausdorff distance.
(2) There exists a smooth embedding φj :M∞ −S →M for each j such that φ∗jgj
converges to g∞ in the C∞-topology on M∞ − S. If S is empty, then each φj is a
diffeomorphism from M∞ onto M .
(3) For each pa ∈ S and j, there exists pa,j ∈ M and a positive number rj such
that
(3.1) Bδ(pa,j; gj) converges to Bδ(pa; g∞) in the pointed Gromov-Hausdorff dis-
tance for all δ > 0, where Bδ(pa,j ; gj) denotes the geodesic ball of radius δ > 0
centered at pa,j with respect to gj.
(3.2) limj→∞ rj = 0.
(3.3) ((M, r−2j gj), pa,j) converges to ((Xa, ha), xa,∞) in the pointed Gromov-Hausdorff
distance, where (Xa, ha) is a complete, non-compact, Ricci-flat, non-flat ALE 4-
space of order 4 with
0 <
∫
Xa
|Rha |2dµha <∞,
and xa,∞ ∈ Xa.
(3.4) There exists smooth embeddings Φj : Xa →M such that Φ∗j (r−2j gj) converges
to ha in the C
∞-topology on Xa.
(4) It holds that
lim
j→∞
∫
M
|Rgj |2dµgj ≥
∫
M∞
|Rg∞ |2dµg∞ +
∑
a
∫
Xa
|Rha |2dµha .
Remark 3.5. Since S3/Γa is smoothly embedded in M∞ around pa for each a,
it is also smoothly embedded in M and it separates M into two components
Va,Wa, which are compact 4-manifolds with boundary. More precisely, M =
Va∪Wa, S3/Γa = ∂Va = ∂Wa = Va∩Wa. Here, we choose Va satisfying Va ⊂M∞.
The infinity Xa(∞) ∼= S3/Γ˜a of Xa is also smoothly embedded in M . By the ex-
istence of intermediate Ricci-flat ALE 4-orbifolds in the bubbling tree arising from
each singular point pa, Γa 6= Γ˜a in general (cf. [4], [27]).
4. Proof of Proposition 1.4
Let {gi} be a sequence of positive Einstein metrics on S4 with {gi} ⊂ E≥c(S4)
for some c > 0. We apply Theorem3.4, with M = S4, for the sequence {gi}. Then,
in order to prove Proposition1.4, by Theorem3.4-(2), it is enough to show that the
singular set S is empty.
From now on, suppose that S 6= ∅, that is, ℓ ≥ 1. By a similar reason to Re-
mark3.5, the case of Γa = {1} for some a (1 ≤ a ≤ ℓ) may be possible logically
for a general closed 4-manifold, particularly Γa = {1} for all a = 1, 2, · · · , ℓ. How-
ever, at least in the case of M = S4, the following holds. We use the notation of
Theorem3.4 and Remark 3.5.
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Lemma 4.1. Γa0 6= {1} for some a0 (1 ≤ a0 ≤ ℓ).
Proof. Suppose that Γa = {1} for all a = 1, 2, · · · , ℓ. As mentioned in Remark 3.5,
a smooth embedded S3 around p1 ∈ S4 separates S4 into two components V1,W1
of compact 4-manifolds with boundary satisfying
S4 = V1 ∪W1, S3 = ∂V1 = ∂W1 = V1 ∩W1, V1 ⊂ S4∞.
By the Mayer-Vietoris exact sequence of homology groups for (S4;V1,W1), one can
get
Hi(V1;R) = Hi(W1;R) = 0 for i = 1, 2, 3,
and hence χ(V1) = χ(W1) = 1. Let S
4
1 := V1 ∪S3 D4 be a closed smooth 4-manifold
obtained by gluing along S3 = ∂V1 = ∂D4, whereD4 denotes the closed 4-ball in R
4.
Note that χ(S41) = 2. Similar to the above, a smooth embedded S
3 around p2 ∈ S41
separates S41 into two components V
′
2 ,W
′
2. Then, the closed smooth 4-manifold
S42 := V
′
2 ∪S3 D4 also satisfies that χ(S42) = 2. Repeating a similar procedure up to
a = ℓ, we get finally a closed smooth 4-manifold S4ℓ := V
′
ℓ ∪S3 D4 with χ(S4ℓ ) = 2.
By construction, S4ℓ is homeomorphic to S
4
∞ which implies that χ(S
4
∞) = 2.
By the removable singularities theorem for Einstein metrics [5, Theorem5.1],
we note that (S4∞, g∞) is a closed smooth Einstein 4-manifold. Combining this
with χ(S4∞) = 2, we get that E (g∞) = 2. However, each Ricci-flat ALE 4-space
(Xa, ha) bubbling out from pa has a positive energy E (ha) > 0. This, combined
with Theorem3.4-(4) leads to a contradiction:
2 = lim
j→∞
E (gj) ≥ E (g∞) +
∑
a
E (ha) > 2.
Therefore, Γa0 6= {1} for some a0 (1 ≤ a0 ≤ ℓ). 
We can now prove Proposition1.4.
Proof of Proposition 1.4. For simplicity, we assume that a0 = 1. It then follows
from Theorem3.1 that Γ1 = Q8. By Remark 3.3-(3), we also obtain that Γ˜1 = Q8.
Even if Γ˜a = Q8 for some a, a similar Mayer-Vietoris argument to that in the proof
of Lemma4.1 still holds, and so χ(X1) = 1. It then follows from Remark 3.3-(2)
that
E (h1) = χ(X1)− 1|Q8| = 1−
1
8
=
7
8
.
By the signature theorem for compact 4-orbifolds (cf. [26, (4.5)]) and the cal-
culation of eta invariant ηS(S
3/Γ) for the signature operator [17, Section 3], the
compact Einstein 4-orbifold (S4∞, g∞) satisfies that
τ(S4∞) =
1
12π2
∫
S4
∞
(
|W+g∞ |2 − |W−g∞ |2
)
dµg∞ −
ℓ∑
a=1
ηS(S
3/Γa), ηS(S
3/Q8) =
3
4
,
where τ(S4∞) denotes the signature of S
4
∞. Since H2(S
4
∞;R) = 0, we have that
H2(S4∞;R) = 0, and so τ(S
4
∞) = 0. Combining that Rg∞ ≥ c > 0 and ηS(S3/Γa) ≥
0 with the above and Theorem3.4-(4), we then obtain that
9
8
= 2− 7
8
≥ E(g∞) = 1
8π2
∫
S4
∞
(
|Wg∞ |2 +
R2g∞
24
)
dµg∞ >
1
8π2
∫
S4
∞
|Wg∞ |2dµg∞
≥ 1
8π2
∫
S4
∞
|W+g∞ |2dµg∞ ≥
3
2
(3
4
+
1
12π2
∫
S4
∞
|W−g∞ |2dµg∞
)
≥ 9
8
,
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and hence it leads a contradiction. Therefore, S = ∅. 
As mentioned in Remark of § 1, we describe some details on the topological
argument.
Remark 4.2. Let N2 be the nonorientable disk bundle over the the real projective
plane RP2 with Euler number 2. Let T4 be the disk bundle of the complex line
bundle over S2 of degree 4. Then, the natural double cover T4 → N2 is the universal
cover of N2. Note that S
4 = N2 ∪∂N2 N2 and ∂N2 = S3/Q8 (see [21] for details).
Note also that N2 is orientable since N2 can be smoothly embedded in S
4 as a
compact 4-submanifold. Moreover, we have the following:
H1(N2;Z) = Z2, Hi(N2;Z) = 0 (i = 2, 3, 4),
H2(T4;Z) = Z, Hi(T4;Z) = 0 (i = 1, 3, 4).
We do not know whether the orientable open 4-manifold Int(N2) admits a Ricci-flat
ALE metric or not. (We have proved here only that such a metric never appears
as a bubbling off Ricci-flat ALE metric from a sequence in E≥c(S4).) However, N2
becomes an orientable counterexample to the topological arguments in the proofs
of [2, Lemma 6.3] and [3, Proposition3.10].
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